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1. INTRODUCTION AND STATEMENT OF THE THEOREM 
In [lo], Higman described the structure of a finite p-group admitting an 
automorphism which cyclically permutes the subgroups of order p. Such a 
group is either a direct sum of cyclic groups of the same order, a generalized 
quaternion group, or a Suzuki 2-group (defined in [lo]). Several authors 
have considered the structure of a finite p-group whose automorphism group 
acts transitively on the elements of order p of the group. (See [S] and the 
references cited in it.) Gaschiitz and Yen [S] have shown that if G is a group 
of odd order and, if for each prime divisor p of the order of G, the 
automorphism group of G acts transitively on the elements of G of order p, 
then G is a cyclic extension of a nilpotent Hall subgroup. 
Here, we consider a variation of the situations mentioned above. We say 
that a finite group G has the (extension) property B(p) for the prime p if the 
automorphisms of some elementary abelian p-subgroup E of G of the largest 
possible order can be obtained as the restrictions to E of the automorphisms 
of G. Our object here is to prove the following: 
THEOREM. Let G be a finite group possessing the property g(2), and let 
(G#)S E W,(G). 
(A) If O,(G) # (1) and O(G) = (1 ), then one of the following holds: 
(1) S is generalized quaternion; 
(2) G admits a normal chain (1) < O,(G) < T< G, where 
O,(G) ‘y %(2*), T/O,(T) = (1) or Z,, and G/T= (I), A,, or S,; 
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(3) s ‘v Sc(2”) or s 2: SD(2”), n > 3 and Q,(S) G Z(S); 
(4) G is isomorphic to one of the following: 
(i) a nontrivial extension of E(2, 2’) by A, or S, ; 
(ii) a nonsplit extension ofE(3,2’) by L,(2), where t > 2; 
(iii) a nonsplit extension of E(n, 2) by L,,(2), where n = 3,4 or 5. 
(B) If G is a nonabelian simple group, then G is isomorphic to one of 
the following (q odd): 
A,, MI,, Uq)(q > 5), L,(q), I,, G,(q), %), the O’Nan group 
ON 1131, the smallest Conway group C,, the Fischer-Thompson group FT 
[ 14, p. 4021. 
All the groups considered here are finite. Our notation and terminology is 
standard and is taken mostly from [7, 111. In addition, we denote by E(n, p’) 
the direct sum of n copies of the cyclic group of order p’; and, abusing the 
notation slightly, we write, for example, S N SA(2”) to abbreviate the 
statement: S is a Suzuki 2-group of type A as defined in [ lo]. 
2. PRELIMINARIES 
Most of the results in this section are suitable restatements of the results 
from the literature used in the proof of the theorem. 
(2.1) Let H < X, and let i and j be the natural maps from N,(H)/C,(H) 
to N,,,&H) and from N,,,&H) to Aut(H), respectively. Assume that 
every automorphism of H can be extended to an automorphism of X. Then, 
(N,(H)/&(H))” a Aut(H). 
Proof Trivial. 
(2.2) (i) Zf a p-group P with In,(P)] = p” > p possesses the property 
8(p), then P is isomorphic to one of the following: E(n,p’), S,(2*), S,.(2”) 
(n > 3), S,d2”) (n > 3). 
(ii) If P = S,(2*), then P admits an automorphism of order 5 which 
centralizes O,(P) and an automorphism of order 3 which acts transitively on 
Q,(P). Moreover, A(P)/O,(A(P)) has order 2*. 15 and is isomorphic to the 
normalizer of a Singer-cycle in GL(4,2). (See [ 12, Theorem 1.1, p. 20 1 I.) 
(iii) Let H be a group, and let E(3, 2) = E 4 H. Suppose that C,(E) 
is of rank 3 and H/C,(E) ‘c L,(2). Then, a Sylow 2-subgroup of C,(E) is 
abelian [ 1, Theorem 1, p. 31. 
(iv) Let Q be a 2-group with n,(Q) E Z(Q) and IQ,(Q)] = 2”, where 
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n > 4. Suppose that Q 4 H, C,(a,(Q)) = Q, and H/Q z L,,(2). Then Q is 
elementary abelian ] 14, Lemma 2.1, p. 379 ]. 
Proof of part (i). The property F(p) implies that a,(P) = fi,(Z(P)) z 
E(n, 2) and P admits an automorphism which transitively permutes the 
subgroups of order p. Hence, either P z E(n, p’) or P is a Suzuki 2-group 
[ 10, Theorem 1 and 3, pp. 82 and 95 1. Since the automorphism groups of the 
Suzuki 2-groups of types A and B are solvable [ 12, Theorems 1.1 and 1.2, 
pp. 201-202 1, and since only a Suzuki 2-group of type B is defined when 
II = 2, using (2.1) we can conclude (i). 
The author wishes to thank Professor Robert Griess for bringing [ 121 to 
his attention. 
(2.3) (i) The rank of a largest elementary abelian 2-subgroup of 
GL(n, 2) is n2/4 ifn is even and (n’- 1)/4 ifn is odd [16, Theorem,p. 3131. 
(ii) Zf P c E(n, p’), then Aut(P)/C,,,,,,(Q,(P)) ‘v GL(n, p) and, if 
r > 2, then Aut(P) contains GL(n, p) as a subgroup precisely when p = 2 and 
n~{2,3)orwhenp=3andn=2 [4,Satz2,p.363]. 
(iii) Any extension of E(n, 2) by L,(2) is split when n > 6. When 
n = 3,4 or 5, there is, up to isomorphism, precisely one nontrivial split 
extension and precisely one nonsplit extension of E(n, 2) by L,(2). Any 
extension of E(2, 2’) by S, is split [ 15, Proposition 4.4, p. 501. 
(2.4) Let S E Syl,(X), A be a strongly closed abelian subgroup of S with 
respect to X, and K = (A”). Let f denote HO,,(K)/O,(K) for every 
subgroup H of K. Then, 
-- 
(a) I? = O,(K)K’ and O,(K) g Z(K), 
(b) A = O,(K) Q,(S,) for some Sylow 2-subgroup S, of I? containing 
A, and 
(c) K’/Z(K’) is a direct sum of simple groups of the following types: 
L,(2”), n > 3; SZ(22”t’), n > 1; U,(2”), n > 2; L2(q), q z 3 or 5 (mod 8) 
and q > 5; Jankos’ first simple group J, ; a simple group of Ree type. 
Proof. This is the main theorem of [6]. 
(2.5) A nonabelian simple group of 2-rank 2 is isomorphic to one of the 
following (q odd): 
A 7* Ml,, U,(4), L*(q) (4 2 5), L,(q), U,(q). 
Each of these groups except U,(4) possesses the property g(2). 
Proof The first statement is the main result of [2,3]. Since Aut(A,) = 
S, 2 S,, A, clearly possesses the property g(2). For the cases of M,, , L,(q) 
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and U,(q), see [2, Propositions 1.1, 1.2 and 2.4, pp. 10, 11 and 211. That 
L,(q) possesses g’(2) when q* E 1 (mod 16) follows from [ 11, Hilfssatz 8.16, 
p. 2001. If q* f 1 (mod 16), a Sylow 2-subgroup S of L2(q) is isomorphic to 
E(2,2) and is the image in L,(q) of the dihedral subgroup of order q of 
SL(2, q) generated by ( ?, A) and (i ,!,), where t E GF(q), f4 = 1 and 
t* # 1. Automorphisms of S of order 3 are induced by the inner 
automorphisms of L*(q) [ 11, Hilfssatz 8.16, p. 2001. The image in PGL(2, q) 
of the inner automorphism of GL(2, q) induced by ( : ?,J’) induces an 
automorphism of S of order 2. 
If X= U,(4) and S E Syl,(X), then S 2 S,(2*) and B = N,(S) = SH is a 
maximal subgroup of X and H rr. Z,, induces an automorphism of order 3 on 
Q,(S). But lout(X)1 = 2 and X admits an outer automorphism of order 2 
which centralizes S. (See [6, (3.2) ad (3.3) pp. 79-811.) Therefore, U,(4) 
cannot possess the property g(2). 
(2.6) Let X be a simple group containing a subgroup EN E(n, 2) such 
that N,(E)/C,(E) = L,(2), and let the Sylow 2subgroup of C,(E) be 
isomorphic to E(n, 2’). 
(i) If n = 3 and t = 1, then X is isomorphic to one of the following 
(q odd) : 
A 8, A,, A,,, AlI, Mz2, M,,, Lyons’grow L G,(q), %@I; 
of these, only G*(q) and D:(q) have 2-rank 3 and possess P(2). (See 19; 14, 
paragraph 6, p. 3821.) 
(ii) If n = 3 and t > 2, then either X = HS, the Higman-Sims group, 
or X = ON, the O’Nan simple group. Of these, ON has 2-rank 3 and 
possesses Z’(2) 113, Theorem, p. 4221. 
(iii) If n = 4, t = 1 and the 2-rank of X is 4, then X is isomorphic to 
the smallest Conway group C, [ 14, Theorem C, p. 3761. 
(iv) If n = 5, then X N FT, the Fischer-Thompson group and the 2- 
rank of G is 5. (See [ 14, Sect. 6, p. 4021.) 
Remark. That the 2-rank of ON is 3 follows from the presentation of its 
Sylow 2-subgroup given in [ 131. That the 2-rank of FT is 5 follows from a 
result of Dempwolff [ 14, Lemma 1.11, p. 3791. Since a Sylow 2subgroup of 
HS is isomorphic to the nontrivial split extension of E(3, 2) by L,(2), it 
follows from (2.3)(i) that the 2-rank of HS is 4. Therefore, HS does not 
possess r(2). 
3. PROOF OF THE THEOREM 
Let E = E(n, 2) be an elementary abelian 2-subgroup of G of the largest 
possible order whose automorphisms can be extended to G; and let 
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N = N,(E), C = C,(E), and S, = Sn C E Syl,(C). Then, by (2.1), N/C is 
isomorphic to a normal subgroup of L,(2). If n = 1, then S is either cyclic or 
generalized quaternion 17, Theorem 4.lO(ii), p. 1991. Since G is 2-nilpotent 
when S is cyclic [ 7, Theorem 6.1, p. 2571, and since no simple groups with 
generalized quaternion Sylow 2-subgroups exist [ 11, Satz 22.9, p. 6241, we 
may assume that n > 2. 
(A) Let O,(G)#(l) and O(G)=(l). Since (l)#Q,(O,(G))n 
Z(S) or E, and since 0,(0,(G)) char G, g(2) implies that E c fi,(O,(G)). 
Since (1) # Z(B,(O,(G))) g E, g(2) again implies that Z(i2,(O,(G))) = E = 
0,(0,(G)). Now, C char G possesses K(2), O,(G) c E and E = Q,(S,) E 
Z(C). Since every automorphism of E can be obtained as the restriction of 
an automorphism of G fixing S, (by composing, if necessary, an extension to 
G of an automorphism of E assured by g(2) with a conjugation by a 
suitable element of C), it follows from (2.2)(i) that S, is isomorphic to one 
of the following: E(n, 2'), S,(2*), S&2"), or S,)(2”). 
First, let S, = E(n, 2’). Then S, c Z(N,(S,)) [7, Theorem 2.4, p. 1781; 
C = S, because O(G) = (1) [ 7, Theorem 4.3, p. 2521; and G/S, N A, or S, 
when n = 2, and G/S, ‘v L,,(2) when n > 2. Since G/S, is isomorphic to a 
subgroup of Aut(S,), it follows from (2.3)(ii) that n = 2 or 3 and t > 2 or 
II > 4 and t = 1. If G is a nontrivial split extension of E(n, 2) by L,,(2) and 
17 > 3, then S is isomorphic to the lower triangular (n + 1) x (n + 1). 
matrices over GF(2) with l’s on the diagonal and hence, by (2.3)(i), the 2 
rank of G is larger than n, a contradiction. Therefore, n = 3, 4 or ‘5 (2.3)(iii). 
For the same reason, G cannot be a split extension of E(3,2') by L,(2). 
Therefore, statement (4) of the theorem holds if S, ‘v E(n, 2’). 
Now, let S, 21 S,(2*). Since O,(G) satisfies g(2) and Ifl,(S,)l = 2*, it 
follows from (2.2)(i) that O,(G) = Q,(S,), O,(G) = E(2,2*), or O,(G) = S,. 
Suppose that O,(G) is abelian, and let K/O,(G) be a minimal normal 
subgroup of C/O,(G). S ince O,(G) g Z(C) [7, Theorem 2.4, p. 1781 and 
O(G) = (l), K is nonabelian. Also, n,(S,) 2 Z(K) n Q(K). Since 
S,/O,(G) N E(2, 2) or E(4, 2), it follows from (2.4) that K/O,(G) is 
isomorphic to L,(q), L2(24), or L*(q) x L,(q), where q - 3 or 5 (mod 8) and 
q > 5. But, then ai cannot be contained in Z(K) ~7 @(K) [ 11, Satz 25.9, 
p. 6461. Therefore, O,(G) = S,. Now, since C,(S,) = ai X T,, where 
/ T,I is odd, and since O(G) = (1), it follows that C = S, T, where 
Tg Aut(S,) and (T( is odd. Therefore, by (2.2)(ii), statement (2) of the 
theorem holds if S, = S,(2*). 
Finally, we show that if S, N S&2”) or S,(2”) (n > 3), then G/C & L,(2). 
So, let us assume the contrary. Then, C,(S,) < C (1 NJS,) < N= G. Since 
G/C = L,,(2), and since we can extend automorphisms of E to 
automorphisms of G fixing S, and hence N,(S,), it follows that 
NG(S,)/C E L,,(2) and hence N,(S,) = G and S, 4 G. Let C = S, T, where 
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/ T] is odd. If n = 3, then S, would be abelian (2.2)(iii). So, let n > 4. If 
T Q G, then (2.2)(iv) applied to S/T implies that S, is abelian. If T 4 G, 
then G = S,N,(T) and NG(T) & G. But then, again (2.2)(iv) applied to 
N,(T)/T implies that S, is abelian, a contradiction. Therefore, our claim and 
part (A) of the theorem are proved. 
(B) Now, let us assume that G is a nonabelian simple group. Then, N 
and C possess the property K(2); N/C is isomorphic to a normal subgroup 
of L,(2) (2.1); and, as before, S, Y E(n, 29, S,(2*), S&2”), or SD(2”). If 
n = 2, then all the groups listed in (2.5) except U,(4) occur. So, let n > 3 and 
suppose that C = N. First, we show that S, $L S. So, assume the contrary. 
Then, S & E(n, 2’) because otherwise G would be 2-nilpotent [ 7, Theorem 
2.4, p. 178 and Theorem 4.3, p. 2521. Also, S & Sc(2”) and S & S”(2”) 
because no simple groups having Suzuki 2-groups of types C and D as their 
Sylow 2subgroups exist [ 6, pp. 70-7 I]. And, of course, S 74 S,(2*) because 
n > 3. Therefore, S, Q? S. But then, there is an element x & S,, and 
x E N,(S,) g N,(E) = C,(E). Since S, = S n C = C,(E), this is clearly 
untenable. Therefore, C@ N and N/C = L,(2). Now the argument in the 
previous paragraph shows that S, & Sc(2”) and S, & S,)(2”). If 
S, ‘v E(n, 2’), then (2.6) applies and the theorem follows. 
In conclusion, we note that, with the possible exception of the groups 
described in statement (A)(3) of the theorem, all the other groups listed in 
the conclusion of the theorem possess the property P(2). 
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